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Overview

• PWN: Our favorite relativistic plasma 
laboratory in the sky

• From the spherical cow to 3D dynamical 
models

• Electron transport in turbulent PWN

• Test particle simulations and Fokker-Planck

• Back to the spherical cow: Fitting of 
observations
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Rees & Gunn (1974), Kennel & Coroniti (1984)

1D Model

• electrons are accelerated at the termination shock to relativistic energies according 
to n∝E-2.2 

• loose energy due to synchrotron and inverse Compton emission.  => Successful to 
model spectrum from visible to γ-rays 

• particle dominated relativistic 
pulsar wind with purely azimuthal 
magnetic field terminates at 
shock

• sub-sonic nebula flow velocity 
decreases to match speed of 
remnant

• magnetic field increases towards 
the outer boundary of the nebula
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Credits: X-ray: NASA/CXC/ASU/J.Hester et al.; Optical: NASA/HST/ASU/J.Hester et al.
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Wisps

Knot1

X-ray jet
X-ray inner ring,

suspected termination shock

Anvil/Sprite

The general morphology could already be modeled in 2D: Del Zanna, Komissarov...

Torus

The Astrophysical Journal, 749:26 (8pp), 2012 April 10 Buehler et al.
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Figure 3. Integral flux above 100 MeV from the Crab as a function of time for the first 35 months of Fermi observations. The time binning is 12 hr. The dotted blue
line indicates the sum of the 33 month average fluxes from the inverse-Compton nebula and the pulsar. The dashed blue line shows the average flux of the synchrotron
nebula summed to the latter. Fluxes are shown on a log scale. The three flares detected by the Fermi LAT are indicated. A fourth flare was detected in 2007 October
(MJD 54380) by AGILE (Tavani et al. 2011).
(A color version of this figure is available in the online journal.)

compatible with a constant flux. The time windows are referred
to as “Bayesian Blocks” (BBs). They were determined finding
the partition which maximizes the sum of the cost function as-
signed to each BB (Scargle 1998). The cost function was set
to the logarithm of the maximum likelihood for the constant
flux hypothesis. The algorithm to determine the optimal par-
tition is described by Jackson et al. (2005). The BB-binned
light curve is shown in Figure 5. It is statistically compatible
with the original light curve (χ2

r /ndf = 257/232). This implies
that flux variations within each BB cannot be distinguished with
confidence from a locally constant flux. The shortest BBs are
detected at the maximum of both sub-flares and have durations
of ≈9 hr.

In order to measure the rate of flux increase at the rising edges
of the sub-flares we parameterized them with an exponential

function plus a constant background. The best-fit functions
are shown in Figure 5. The time ranges over which the
fits were performed were defined by the centers of the BBs
before and at the maximum of each sub-flare. The resulting
doubling time is 4.0 ± 1.0 hr and 7.0 ± 1.6 hr for the first and
second sub-flare, respectively. As these values depend on the
somewhat arbitrarily chosen parameterization and fit ranges,
we conservatively estimate that the doubling timescale in both
sub-flares is td ! 8 hr.

The PDS of the 2011 April flare is shown in Figure 4. It was
obtained by computing the Fourier transform of the autocorre-
lation function using an algorithm for unevenly sampled data
(Edelson & Krolik 1988). The PDS can be described by a power
law of index ≈1.1 and reaches the noise floor at a frequency of
≈0.6 cycles per day. The doubling time of the corresponding

4

Flares, e.g. Bühler et al. 2012
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• Pulsar magnetospheres: Poynting dominated wind at light 
cylinder σ∼104 (high sigma)
 e.g. Michel 1982,  Arons 2007

• Uncollimated ideal RMHD wind is inefficient at bulk flow 
acceleration and remains Poynting dominated σ⪞1 (high 
sigma)
 Tomimatsu 1994, Beskin et al 1998, Komissarov 2009, Lyubarski 2010

• Yet 1D and 2D dynamical RMHD of the nebula models 
require particle dominated winds at the termination shock 
σ∼10-3 - 10-2 (low sigma)
Rees & Gunn (1974), Kennel & Coroniti 1984, Komissarov+ 2004, Del Zanna+ 
2004, Volpi+ 2008, Camus+ 2009, Olmi+ 2014

Can’t match shock size and expansion speed at same time with high sigma!

σ ≡ fm
fk

=
c

4π

|E×B|
|Γ2ρhvc2| �

1

4π

B�2
φ

ρc2

(Dynamical) Modelling problem:
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Figure 5. Sketch of the components of a pulsar wind nebula discussed in the text.
The equatorial current sheet (thick straight line) and the magnetic fields (thin dashed
line and circles) are shown in the wind region (see text). The geometry of the system
is illustrated, with ζ being the angle of the observer with respect to the rotation vector
of the pulsar Ω and α being the inclination of the magnetic moment µ of the pulsar
with respect to Ω. For the Crab ζ ≈ 60◦ was estimated assuming that Ω aligns with
the symmetry axis of the nebula (Ng & Romani 2004). The angle α is unknown
and typically inferred to be ≈ 45◦ from modeling of the pulsed emission (Harding
et al. 2008, Du et al. 2012).

terminated at RWT ≈ 3×1017 cm by the interaction with the supernova ejecta (iii) The

synchrotron nebula: this region extends from the wind termination point to the outer

nebula and is where most of the energy of the wind is dissipated. We will discuss each
of these regions in the following. We note that more detailed reviews of many of the

aspects we will discuss in this section can be found in Kirk & Lyubarsky (2009) and

Arons (2012).

3.1. The pulsar magnetosphere

A pulsar can be seen in first order as a rotating, perfectly conducting sphere, with
a dipole magnetic field. The magnetic moment is generally not aligned with the

rotational axis (the so called “oblique rotator”). Compression of the magnetic field

of the progenitor star onto a neutron star of ∼ 12 km diameter, induces magnetic fields

of the order of B ≈ 3.8 × 1012( P
PCrab

)1/2( Ṗ
ṖCrab

)1/2 G at the equatorial surface of the

neutron star. The rotation of this field induces an electric potential of the order of

∆Φ ≈ 4 × 1016( Ṗ
ṖCrab

)1/2( P
PCrab

)−3/2 V between the poles and the equator of the star.
After obtaining vacuum solutions of the oblique rotator (Deutsch 1955), it was realized

that such strong potentials would remove particles from the neutron star surface and

fill the magnetosphere with plasma. The magnetosphere becomes charge separated to

compensate the electric potential (Goldreich & Julian 1969). This made the calculation

of the magnetosphere properties, as magnetic field structure and electric densities and

currents, intrinsically non linear, and dependent on the microphysics of the neutron
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ṖCrab

)1/2 G at the equatorial surface of the

neutron star. The rotation of this field induces an electric potential of the order of

∆Φ ≈ 4 × 1016( Ṗ
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Adaptive mesh refinement:
Base resolution 643
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Domain:
3D Cartesian box, 20 lightyears3 

MPI-AMRVAC1 
ideal RMHD, 
Minkowski spacetime,
ideal gas EOS with γ=4/3

1https://gitlab.com/mpi-amrvac/amrvacCoroniti 1990, Lyubarski 2003, Sironi & Spitkovsky 2011, Amano & Kirk 2013, Tchekhovskoy et al. (2016)

• Initialize relativistic Pulsar Wind inside 
expanding Supernova remnant

• PW much lighter than SNR => Shock 
structure (termination shock, contact 
and forward shock) forms

• We study the dynamics downstream 
of the termination shock

Numerical details:
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• Pulsar wind setup

, b = 0.03
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3

Fig. 1.— Upper panel: poloidal structure of the striped pulsar
wind, according to the solution by Bogovalov (1999). The arrows
denote the pulsar rotational axis (along Ω, vertical) and magnetic
axis (along µ, inclined). Within the equatorial wedge bounded by
the dashed lines, the wind consists of toroidal stripes of alternating
polarity (see the reversals of Bϕ), separated by current sheets (dot-
ted lines). At latitudes higher than the inclination angle between Ω
and µ (i.e., beyond the dashed lines), the field does not alternate.
Lower panel: simulation geometry. For 2D runs, the simulation
domain is in the xy plane, oriented as shown in the upper panel
(so, x̂ = −r̂ and ŷ = −ϕ̂). The incoming flow propagates along
−x̂, and the shock moves away from the reflecting wall (located
at x = 0) toward +x̂. The magnetic field lies in the simulation
plane along the y direction, and its polarity alternates with wave-
length λ (red stripe for By = +B0, blue for By = −B0). A net
stripe-averaged field �By�λ > 0 is set up by choosing red stripes
wider than the blue stripes. For the pulsar wind sketched above,
�By�λ > 0 is realized below the equator.

Fig. 1). Current sheets, where the magnetic field van-

ishes, are identified by the condition ζ � 0, and their

half-thickness is ∆ = λδ/2π � λ. Across each current

sheet, the field reverses its sign from +B0 to −B0 (or vice

versa), where B0 is the field strength in the region outside

the current sheets, which we shall call “cold wind.” In

the following, we parameterize the field strength via the

so-called magnetization parameter σ ≡ B2
0/4πγ0mnc0c2,

taken to be much larger than unity. Here, m is the elec-

tron (or positron) mass and nc0 is the density of parti-

cles in the cold wind. By defining the relativistic skin

depth in the cold wind c/ωp ≡
�

γ0mc2/4πe2nc0, and

the relativistic Larmor radius rL ≡ γ0mc2/eB0, we can

rewrite the magnetization parameter as σ = (c/ωp)
2/r2L.

Finally, the parameter α (−1 < α < 1) is a measure

of the net field (i.e., averaged over one wavelength λ),
such that �By�λ/B0 = α/(2 − |α|). Although the mag-

netic field intensity in the cold wind is always B0, the

wavelength-averaged field is not necessarily zero, because

two neighboring stripes generally have different widths

(see Fig. 1). In the pulsar wind, one expects �By�λ = 0

(which corresponds to α = 0) only in the equatorial plane

(see upper panel in Fig. 1). We remark that a net field

�By�λ �= 0 does not play the role of a guide field, which

in our geometry would correspond to a uniform compo-

nent of magnetic field in the z direction. No significant

guide field is expected at the termination shock of pulsar

winds, and the physics of shock-driven reconnection in

the presence of a guide field will be discussed elsewhere.

In the cold wind, each computational cell is initial-

ized with two electrons and two positrons, with a small

thermal spread Θc ≡ kTc/mc2 = 10
−4

. We have also

performed limited experiments with a larger number of

particles per cell (up to 32 per species), obtaining es-

sentially the same results. Such a background of cold

particles is initialized also within the current sheets, but

with the addition of a hot component whose density pro-

file is nh = nh0/ cosh
2 ζ. Here nh0 ≡ η nc0 is the den-

sity of hot particles at the center of the current sheet.

The temperature of this hot component is determined

by pressure balance between the gaseous part (inside the

current sheet) and the magnetic part (in the cold wind),

which yields a thermal spread Θh ≡ kTh/mc2 = σ/2η
for a 3D relativistic Maxwellian. Finally, the varia-

tion of magnetic field across a current sheet needs to

be sustained by a current flowing along ẑ. In the wind

frame, electrons and positrons in the current sheet should

be drifting in opposite directions with the same speed

βh =
√
σ/(ηγ0) (c/ωp)/∆. In summary, to initialize

the distribution of hot electrons (and positrons) in the

frame of the simulations, we need to make two succes-

sive Lorentz boosts: first, from their proper frame to

the wind frame, where electrons and positrons counter-

stream along ẑ with velocity ±βh; then, from the wind

frame to the simulation frame, where the wind propa-

gates along −x̂ with Lorentz factor γ0.2

In our study, we adopt γ0 = 15 as our fiducial bulk

Lorentz factor. As discussed in §4, we actually explore a

wide range of Lorentz factors, from γ0 = 3 to γ0 = 375,

and find basically the same results, modulo an overall

shift in the energy scale. We vary the stripe wavelength

by almost two orders of magnitude, from λ = 20 c/ωp to

λ = 1280 c/ωp, and we discuss its effects on the structure

of the shock and the process of shock-driven reconnec-

tion in §4.1. The dependence on the wind magnetization,

though always in the regime of highly magnetized flows

(σ � 1), is presented in §4.2, where we vary σ from 10

to 100. Different values of the stripe-averaged magnetic

field are investigated in §4.3, where we vary the param-

eter α = 2�By�λ/(B0 + |�By�λ|) between 0.0 and 0.95.

For pulsar winds, large values of |α| would be expected

at high latitudes above the midplane, whereas α = 0

along the equator (see upper panel in Fig. 1).

The structure of the current sheet is completely de-

termined once we fix the value of the density excess

η = nh0/nc0, and of the sheet half-thickness ∆ = λδ/2π.
We choose η = 3, motivated by analytical studies of

pulsar winds (Lyubarsky & Kirk 2001). However, we

find that our results do not appreciably depend on the

value of η (we have also tried with η = 1.5 and η = 6),

provided that the contribution of current sheets to the

upstream particle flux stays negligible (i.e., ηδ � 1).

Regarding the sheet half-thickness, we typically employ

∆ = c/ωp (for each choice of λ, this determines the value

of δ = 2π∆/λ), but we have verified that our results are

not very sensitive to this parameter (we have tried up to

2 In the range of parameters we explore, we find that βh � 1,
so the first Lorentz boost can be safely neglected.

Image: Sironi+ 

Assume: stripes are entirely 
dissipated
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field are investigated in §4.3, where we vary the param-

eter α = 2�By�λ/(B0 + |�By�λ|) between 0.0 and 0.95.

For pulsar winds, large values of |α| would be expected

at high latitudes above the midplane, whereas α = 0

along the equator (see upper panel in Fig. 1).

The structure of the current sheet is completely de-

termined once we fix the value of the density excess

η = nh0/nc0, and of the sheet half-thickness ∆ = λδ/2π.
We choose η = 3, motivated by analytical studies of

pulsar winds (Lyubarsky & Kirk 2001). However, we

find that our results do not appreciably depend on the

value of η (we have also tried with η = 1.5 and η = 6),

provided that the contribution of current sheets to the

upstream particle flux stays negligible (i.e., ηδ � 1).

Regarding the sheet half-thickness, we typically employ

∆ = c/ωp (for each choice of λ, this determines the value

of δ = 2π∆/λ), but we have verified that our results are

not very sensitive to this parameter (we have tried up to

2 In the range of parameters we explore, we find that βh � 1,
so the first Lorentz boost can be safely neglected.

Image: Sironi+ 

Assume: stripes are entirely 
dissipated

Extended magnetosphere 2795

Figure 1. Meridional cross-section of the magnetosphere on the poloidal (µ, !) plane in steady state for various pulsar inclination angles. Left-hand panels:
meridional electric current density multiplied by r2 (colour plot) and direction (arrows). Right-hand panels: electric charge density multiplied by r2 (colour
plot) and meridional magnetic field direction (arrows). Inclination angles from top to bottom: 15◦, 30◦, 60◦, 90◦. We have considered the mean values of all the
plotted quantities over one period in order to reduce the noise level. Light cylinder shown with black vertical dashed lines. The black solid lines and the white
dashed lines in the right-hand column indicate the zero-charge lines and the corresponding section of the original ‘Bogovalov’ type current sheet, respectively.

but obviously not 100 per cent. The situation was much worse in
our lower resolution – 25 grid points per light cylinder radius –
simulations. We offer some idea about the cause of this effect at the
end of Section 3.

The most noticeable element of our solution is that an undu-
lating equatorial current sheet forms as predicted by Bogovalov
(1999, hereafter B99). This is the 3D generalization of the equato-
rial current sheet discovered in the axisymmetric investigation of
Contopoulos et al. (1999). The white dashed lines in the right-hand

column of Fig. 1 indicate the section of the original ‘Bogovalov’
type current sheet on the (µ, !) plane. The current sheet survives as
far as the outer boundaries of our numerical simulation for several
stellar rotations and is not destroyed by instabilities or reconnection
(see however also Sections 2.3 and 3). It originates at the positions
where the closed line region ‘touches’ the light cylinder. The current
density at those positions is clearly non-uniform. The opening half-
angle of the current sheet above and below the rotational equator is
about equal to the pulsar inclination angle, as predicted by B99.

C© 2012 The Authors, MNRAS 420, 2793–2798
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α = 45◦

Striped region

Setup of PWN simulation

Anisotropic total energy flux

Ltot = 5× 1038 erg s−1 Γ = 10 Lorentz factor in PW

3

Fig. 1.— Upper panel: poloidal structure of the striped pulsar
wind, according to the solution by Bogovalov (1999). The arrows
denote the pulsar rotational axis (along Ω, vertical) and magnetic
axis (along µ, inclined). Within the equatorial wedge bounded by
the dashed lines, the wind consists of toroidal stripes of alternating
polarity (see the reversals of Bϕ), separated by current sheets (dot-
ted lines). At latitudes higher than the inclination angle between Ω
and µ (i.e., beyond the dashed lines), the field does not alternate.
Lower panel: simulation geometry. For 2D runs, the simulation
domain is in the xy plane, oriented as shown in the upper panel
(so, x̂ = −r̂ and ŷ = −ϕ̂). The incoming flow propagates along
−x̂, and the shock moves away from the reflecting wall (located
at x = 0) toward +x̂. The magnetic field lies in the simulation
plane along the y direction, and its polarity alternates with wave-
length λ (red stripe for By = +B0, blue for By = −B0). A net
stripe-averaged field �By�λ > 0 is set up by choosing red stripes
wider than the blue stripes. For the pulsar wind sketched above,
�By�λ > 0 is realized below the equator.

Fig. 1). Current sheets, where the magnetic field van-

ishes, are identified by the condition ζ � 0, and their

half-thickness is ∆ = λδ/2π � λ. Across each current

sheet, the field reverses its sign from +B0 to −B0 (or vice

versa), where B0 is the field strength in the region outside

the current sheets, which we shall call “cold wind.” In

the following, we parameterize the field strength via the

so-called magnetization parameter σ ≡ B2
0/4πγ0mnc0c2,

taken to be much larger than unity. Here, m is the elec-

tron (or positron) mass and nc0 is the density of parti-

cles in the cold wind. By defining the relativistic skin

depth in the cold wind c/ωp ≡
�

γ0mc2/4πe2nc0, and

the relativistic Larmor radius rL ≡ γ0mc2/eB0, we can

rewrite the magnetization parameter as σ = (c/ωp)
2/r2L.

Finally, the parameter α (−1 < α < 1) is a measure

of the net field (i.e., averaged over one wavelength λ),
such that �By�λ/B0 = α/(2 − |α|). Although the mag-

netic field intensity in the cold wind is always B0, the

wavelength-averaged field is not necessarily zero, because

two neighboring stripes generally have different widths

(see Fig. 1). In the pulsar wind, one expects �By�λ = 0

(which corresponds to α = 0) only in the equatorial plane

(see upper panel in Fig. 1). We remark that a net field

�By�λ �= 0 does not play the role of a guide field, which

in our geometry would correspond to a uniform compo-

nent of magnetic field in the z direction. No significant

guide field is expected at the termination shock of pulsar

winds, and the physics of shock-driven reconnection in

the presence of a guide field will be discussed elsewhere.

In the cold wind, each computational cell is initial-

ized with two electrons and two positrons, with a small

thermal spread Θc ≡ kTc/mc2 = 10
−4

. We have also

performed limited experiments with a larger number of

particles per cell (up to 32 per species), obtaining es-

sentially the same results. Such a background of cold

particles is initialized also within the current sheets, but

with the addition of a hot component whose density pro-

file is nh = nh0/ cosh
2 ζ. Here nh0 ≡ η nc0 is the den-

sity of hot particles at the center of the current sheet.

The temperature of this hot component is determined

by pressure balance between the gaseous part (inside the

current sheet) and the magnetic part (in the cold wind),

which yields a thermal spread Θh ≡ kTh/mc2 = σ/2η
for a 3D relativistic Maxwellian. Finally, the varia-

tion of magnetic field across a current sheet needs to

be sustained by a current flowing along ẑ. In the wind

frame, electrons and positrons in the current sheet should

be drifting in opposite directions with the same speed

βh =
√
σ/(ηγ0) (c/ωp)/∆. In summary, to initialize

the distribution of hot electrons (and positrons) in the

frame of the simulations, we need to make two succes-

sive Lorentz boosts: first, from their proper frame to

the wind frame, where electrons and positrons counter-

stream along ẑ with velocity ±βh; then, from the wind

frame to the simulation frame, where the wind propa-

gates along −x̂ with Lorentz factor γ0.2

In our study, we adopt γ0 = 15 as our fiducial bulk

Lorentz factor. As discussed in §4, we actually explore a

wide range of Lorentz factors, from γ0 = 3 to γ0 = 375,

and find basically the same results, modulo an overall

shift in the energy scale. We vary the stripe wavelength

by almost two orders of magnitude, from λ = 20 c/ωp to

λ = 1280 c/ωp, and we discuss its effects on the structure

of the shock and the process of shock-driven reconnec-

tion in §4.1. The dependence on the wind magnetization,

though always in the regime of highly magnetized flows

(σ � 1), is presented in §4.2, where we vary σ from 10

to 100. Different values of the stripe-averaged magnetic

field are investigated in §4.3, where we vary the param-

eter α = 2�By�λ/(B0 + |�By�λ|) between 0.0 and 0.95.

For pulsar winds, large values of |α| would be expected

at high latitudes above the midplane, whereas α = 0

along the equator (see upper panel in Fig. 1).

The structure of the current sheet is completely de-

termined once we fix the value of the density excess

η = nh0/nc0, and of the sheet half-thickness ∆ = λδ/2π.
We choose η = 3, motivated by analytical studies of

pulsar winds (Lyubarsky & Kirk 2001). However, we

find that our results do not appreciably depend on the

value of η (we have also tried with η = 1.5 and η = 6),

provided that the contribution of current sheets to the

upstream particle flux stays negligible (i.e., ηδ � 1).

Regarding the sheet half-thickness, we typically employ

∆ = c/ωp (for each choice of λ, this determines the value

of δ = 2π∆/λ), but we have verified that our results are

not very sensitive to this parameter (we have tried up to

2 In the range of parameters we explore, we find that βh � 1,
so the first Lorentz boost can be safely neglected.
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1 + σ̃0(θ)(1− χα(θ)) σ1 → σ̃0χα (σ̃0 → 0)

σ1 → χα/(1− χα) (σ̃0 → ∞)
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• Closeup of the termination 
shock, velocity magnitude

• Shock “Torus” due to 
anisotropic wind ∝sin2Θ

• Oblique shock gives rise to 
fast equatorial flow

• Plasma gets diverted into 
poloidal jet

Solution to the sigma problem L51

Figure 3. Left-hand panel: the total pressure distribution in the 3D (left hemisphere) and the corresponding 2D (right hemisphere) solutions for the same
model with σ 0 = 3 at t ! 70 yr. Right-hand panels: velocity magnitude and direction for the same solutions, with the 2D one at the top and 3D one at the
bottom. Note the scale difference between left-/right-hand panels.

Figure 4. Shock size in the equatorial plane for the 2D (thin lines) and 3D
case (thick lines). The solid black curve labelled ‘H’ follows the hydrody-
namic prediction according to equation (8).

et al. (2011), but the 2D solutions do as well. Indeed, for 2D models
with σ 0 = 1, 3 this parameter decreases from ∼0.3, which is close
to the mean value of freshly injected plasma (Komissarov 2013),
to ∼0.03. Such a low value means that the total pressure in the
nebula is dominated by the gas pressure, just like in models with
particle-dominated winds, and this is why the shock radius is close
to that of the unmagnetized model. The property of our 2D models
which makes magnetic dissipation possible is the opposite orienta-
tion of magnetic loops in the Northern and Southern hemispheres, in
contrast with most previous 2D simulations which were limited to
only one hemisphere. Strong mixing between the two hemispheres,
discovered already in Camus et al. (2009), reduces the character-
istic length-scale of magnetic inhomogeneities and speeds up the
magnetic dissipation. When equatorial symmetry is enforced, this
mechanism of dissipation shuts off almost entirely, as illustrated
also in Fig. 5. The displacement of magnetic loops near the polar

Figure 5. Ratio of the total magnetic energy to the total thermal energy of
PWN as a function of time for 2D (thin lines) and 3D (thick lines) models.
The horizontal solid lines indicate the expected ratios in the self-similar
phase in the absence of magnetic dissipation (Komissarov 2013). We also
show a 2D model with enforced equatorial symmetry which thus remains
close to the injected value (dash–dotted line).

axis via the kink instability is an additional way of facilitating mag-
netic dissipation in 3D models. This agrees with the observed lower
level of magnetic energy inside PWN in these models (see Fig. 5).

The data presented in Fig. 3 show that the axial compression
remains a feature of our 3D solution near the termination shock and
that the ‘tooth-paste’ effect of hoop stress due to freshly injected
azimuthal magnetic field of the pulsar wind is still capable of driving
polar jets. But compared to the 2D models, the region of operation
of this jet-production mechanism is much more compact.

4 D ISCUSSION

The results of our simulations provide strong support to Begel-
man’s hypothesis that the essence of the sigma problem of PWN
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What happened to the sigma problem?
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• Dissipation in the Nebula

What remains of the sigma problem

Dissipation region in 2D run.
magenta line: magnetic null
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• Dissipation in the Nebula
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The magnetic field is strongest in the vicinity of the termination shock (in contrast to 
classical models), where it is still predominantly azimuthal. It is disordered further away 

from the shock. 

Magnetic field in the nebula

3D MHD simulations of the Crab nebula 291

Figure 10. Field lines in the high-resolution run B3Dhr at t = 50 yr. The
lines are coloured according to their orientation, sections with dominating
azimuthal component being blue and those with dominating poloidal com-
ponent red. In order to trace both the inner and the outer structure, the seed
points of the field line integration are randomly placed on two spheres with
radii of 4 × 1017 cm and 1.2 × 1018 cm. The surface of the termination
shock is also shown, using the magenta contour.

flow, the non-axisymmetric effects such as the kink instability and
3D turbulence tend to randomize the magnetic field. Thus, the ques-
tion is how quickly these processes destroy the ordered field in our
simulations and whether their results agree with the observations in
this respect.

Fig. 10 illustrates the typical complex magnetic field structure in
the 3D simulated PWN. It is evident that with the loss of axisymme-
try, the highly ordered structure of the magnetic field in the pulsar

wind does not survive in the nebula where the field becomes fairly
random. However, we can still identify regions of predominant field
direction. For this purpose, we introduce the anisotropy parameter

ᾱ = 〈B2
p/B2〉φ, (51)

where the average is taken over the azimuthal direction. This quan-
tity for the simulation run B3D shown in Fig. 11. One can see that
the azimuthal component still dominates near the termination shock
and that regions of predominantly poloidal field arise close to the
jet and in the equatorial region next to the nebula boundary, where
its magnitude is rather weak (see the right-hand panel of Fig. 11).

The magnetic field magnitude varies substantially throughout the
simulated nebulae. The strongest field is found just outside of the
termination shock, where it is roughly 10 times stronger compared
to the mean field in the rest of the nebula volume (see the right-
hand panel of Fig. 11). Comparing the left- and right-hand panels
of Fig. 11, we find that regions of strong field are dominated by
the azimuthal component (with a Pearson correlation coefficient
between the anisotropy α and |B| of −0.17). This explains why the
observed degree of polarization of the Crab nebula is so high near
its centre and why the polarization vectors suggest azimuthal field.

3.7 Jet morphology

Perhaps the most interesting region in our simulations is the polar
flow that is produced due to the hoop stress of the azimuthal field via
the so-called toothpaste effect. This polar flow is strikingly different
in 2D and 3D models.

The formation region of the polar flow in the 2D simulation run
B2Dvhr is illustrated in Fig. 12. To better identify flow structure
we show a close-up image of the size of the termination shock and

Figure 11. Anisotropy of the magnetic field and its strength in the simulation run B3D. The left-hand panel shows the parameter ᾱ = 〈B2
p/B2〉φ at the time

t % 70 yr. The right-hand panel shows the angular averaged field strength, log〈|B/1 Gauss|〉φ , at the same time. The supernova shell and pulsar wind regions
are not represented in the plots. The increase of the magnetic field strength near the outer radius of the PWN is probably an artefact.
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Polar beam and jet
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Radiation modeling - Particle injection at termination shock

Optical ν = 1015Hz hard Xray ν = 1019Hz

Good resemblance with Hubble observations of Crab
But: No jet in (hard) Xray?

as Kennel & Coroniti (1984)

296 O. Porth, S. S. Komissarov and R. Keppens

Figure 16. Optical and X-ray synthetic synchrotron images of inner PWN. The images are produced for the simulation run B3Dhr. Left-hand panels show the
optical images (ν = 1015 Hz) and the right-hand panels show the X-ray images (hν = 1 keV). The top panels show the results based on the recipe A for the
injection of relativistic particles and the bottom panels show the results based on the recipe B. In all these plots the brightness is shown using a linear scale up
to 1/10 of the maximum intensity of both recipes. The location of the pulsar is marked with white ‘+’ and saturated pixels are indicated in blue. The recipe A
gives rise to excessively bright sprite and inner jet. No clear polar plume is seen in any of these maps.

The latter authors also report a relation between the knot flux and
its position. To investigate the knot position in detail, we calculate
the distance "r between the intensity peak and the pulsar location
in the plane of the sky. The middle panel of Fig. 18 shows the knot
flux as a function of "r. The figure indicates an anticorrelation for
which we obtain the Pearson correlation coefficient between "r and
Fν of −0.81. Thus, as the knot approaches the pulsar, its optical flux
tends to increase – in good agreement to the findings of Moran et al.
(2013).

The bottom panels of Fig. 18 show the degree of polarization and
the electric vector position angle (EVPA) of the synthetic knot emis-
sion as measured from the projected jet axis in the anticlockwise
direction. One can see that the knot polarization remains nearly
constant. Within the error, the polarization degree, 0.58 ± 0.01,

agrees with the early off-pulse polarization observations by Jones,
Smith & Wallace (1981), Smith et al. (1988) and particularly the
recent Hubble data curated by Moran et al. (2013), who separated
the pulsar and knot contributions. The EVPA angle varies between
−4.◦5 and −1.◦5 and thus it is closely aligned with the rotational axis
of the pulsar. Such a weak variability agrees with the observations
of the Crab’s inner knot (Moran et al. 2013).

4.4 Nebula polarization

We have already discussed the polarization of the knot 1 in Sec-
tion 4.3. Here we describe the polarization properties of the rest
of the simulated nebulae. The polarization of the total flux of
the Crab nebula in radio band is # = 8.8 ± 0.2 per cent with
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3D MHD simulations of the Crab nebula 283

2D test simulations with the wind Lorentz factor as high as ! = 80
and observed no significant change in the termination shock size.

2.3 Modelling of synchrotron emission

For the production of synthetic synchrotron maps (see Section 4),
additional scalars are advanced with the flow. Following Camus
et al. (2009), we assume the power-law distribution of leptons in-
jected at the termination shock

f (ε) = An0ε
−p for ε < ε∞,0, (22)

where ε∞, 0 is the cutoff energy of the injected particles, chosen to
be 1 PeV at every point of the shock, n0 is their number density and
A is the normalization constant. We set p = 2.2, as this value was
found best suited to approximate the synchrotron spectrum of the
Crab from the optical to X-ray frequencies in a number of previous
studies (Kennel & Coroniti 1984b; Atoyan & Aharonian 1996; Volpi
et al. 2008). Assuming that downstream of the termination shock
these particles are subject to the synchrotron and adiabatic energy
losses only, their local energy spectrum is given by

f (ε) = An0

(n0

n

)− 2+p
3

(
1 − ε

ε∞

)p−2

ε−p , ε < ε∞. (23)

In this equation, ε∞ is the local cutoff energy and n is the local
number density of the particles. The evolution of these parame-
ters is described by three additional conservation laws, which are
integrated simultaneously with the main RMHD system.

The first two are the continuity equation for n

∂

∂t
(n!) + ∇i(n!vi) = 0, (24)

and the advection equation for n0

∂

∂t
(n0n!) + ∇i(n0n!vi) = 0. (25)

In terms of the comoving total time derivative d/dt ′ =
! (∂/∂t + v · ∇), the evolution of ε∞ is governed by

d
dt ′ ln ε∞ = d

dt ′ ln n1/3 + 1
ε∞

(
dε∞

dt ′

)

S
, (26)

where the radiative loss term is given by
(

dε∞

dt ′

)

S
= −c̃2B

′2ε2
∞ (27)

(e.g. Del Zanna et al. 2006). Here, B′ signifies the magnetic field as
measured in the comoving frame and c̃2 = 4e4/(9m4

ec
7) denotes the

second synchrotron constant for an assumed isotropic pitch angle
distribution of particles (e.g. Pacholczyk 1970). As demonstrated
by Camus et al. (2009), equation (26) can be cast in conservation
form as
∂

∂t
(ε∞n2/3!) + ∇i(ε∞n2/3!vi) = −c̃2B

′2ε2
∞n2/3. (28)

This is the third additional conservation law.
Since the termination shock is highly non-spherical and variable,

the value of n0 depends on the distance from the origin of the
location where the fluid element crosses the shock. Since the pulsar
wind is not spherically symmetric it should also depend on the polar
angle of this location. The exact dependence is difficult to predict
as it is influenced not only by the shock compression factor but also
by the particle flux distribution in the pulsar wind and the efficiency
of the particle acceleration at the termination shock, which are not
well constrained at the moment. In the simulations, we introduce

n0 using the following prescription. In the pulsar wind zone, which
is identified by its high Lorentz factor, we reset n0 every time step
to its prescribed value nw(r, θ ). Everywhere else n0 is computed
according to the aforesaid evolution equations.

For nw we investigate two recipes. In the recipe A

nw ∝ r−2. (29)

Obviously, this recipe does not distinguish between the striped-wind
zone and the polar zone, which is stripe free. In contrast, in the recipe
B we assume that the synchrotron electrons (and positrons) are only
accelerated at the termination shock of the striped wind:

nw ∝ (1 − χα(θ )) r−2. (30)

This reflects the results of recent studies of collisionless relativistic
shocks, which indicate very low efficiency of particle acceleration at
such shocks when the angle between the shock normal and the mag-
netic field is sufficiently large, the so-called superluminal shocks
(Sironi & Spitkovsky 2009). However, in the case of striped wind,
the particle acceleration may still operate downstream of the MHD
shock, in the region where the alternating magnetic field of the
stripes is dissipated (Lyubarsky 2003; Sironi & Spitkovsky 2011b).

Note that this is a purely passive treatment in the sense that we
neglect the influence of radiative cooling on the flow dynamics.
Normally, this is justified by the fact that the Crab nebula total lu-
minosity is only &10 per cent of the spin-down luminosity of the
Crab pulsar (e.g. Del Zanna et al. 2006). However, as discussed by
Foy (2007), locally the impact of radiative losses can be quite high.
For example, the Crab wisps may lose up to 30 per cent of their
energy. We plan to explore this further in a subsequent paper. An-
other shortcoming of this approach is that it ignores the potentially
important particle acceleration inside the nebula, which is related
to its turbulence and magnetic reconnection.

Given the lepton spectrum (23), the synchrotron emissivity in the
observer frame is

jν ∝ C





ν

1−p
2

(
1 −

√
ν

ν∞

)p−2
; ν < ν∞

0 ; ν > ν∞

(31)

where

C = n0D2+(p−1)/2B
′(p/2+1/2)
⊥

(n0

n

)− p+2
3

and

D = 1
!(1 − β · n)

(32)

is the Doppler factor. The cutoff frequency is defined as
ν∞ ≡ c1B

′
⊥ε2

∞ with the synchrotron constant c1 = 3e/(4πm3
ec

5).
Note that the emissivity depends on the magnetic field component
perpendicular to the line of sight vector n′ in the comoving sys-
tem (indicated by dashes): B ′

⊥ ≡ |B′ × n′| which is obtained via
the Lorentz transformation. Optically thin intensity maps are then
obtained via the straight forward integration

Iν(x, y) =
∫ ∞

−∞
dz jν(x, y, z) (33)

in Cartesian coordinates where the z direction is aligned with the
line of sight. To obtain the linear polarization degree and direction,
we additionally solve the radiation transport equations for the Stokes

 at U
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Injection at striped region of TS, follow 
adiabatic and radiative losses of cutoff energy:
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• Highly variable feature at the 
base of the jet

• Tempting: candidate for γ-ray 
Flares (Tavani et al 2011,  
Abdo et al 2011)?

• Not seen in 2D simulations

Anvil
Synthetic Hubble movie

Anvil/Sprite

log10 σ

y[cm]

z[
cm

]

square root filtered intensity ~40 days between frames 
(1year total)

wait for it...
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Variability of KnotMHD modelling of PWN 23
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Figure 23. Time series illustrating the knot variability. The top row shows the optical intensity (linear scale) of the knot in simulation
B3Dhr for the consecutive times t = {50.1, 50.2, 50.3, 50.4} years. The numerical resolution on the shock is here 1.1×1015 cm allowing for
a close zoom-in. As before, the position of the pulsar is marked with a white “+” and we indicate the location of the peak intensity with
smaller blue “+”. In the middle panel, we show the corresponding fluxes (normalised to the temporal mean value) as function of time
(left) and as function of the displacement between peak intensity and pulsar position ∆r (right). The data-points are identically coloured
in both figures to allow cross-comparison. We note a variability of the knot flux Fν with standard deviation of 11% over the considered
timescale. The flux is anti-correlated with the displacement, giving a Pearson correlation coefficient between Fν and ∆r of −0.81 for
the presented data. The lower panel shows unresolved polarisation degree and electric vector position angle in the data. Polarisation
degree and direction show almost no variability. The (temporal) mean polarisation degree is 0.58± 0.01 and the mean polarisation angle
is −3.1◦ ± 0.8◦, in close alignment with the axis of rotation (reported errors are standard deviation). Mean values are indicated by the
horizontal line in the plots.

4.4 Polarisation

The linear polarization of synchrotron emission contains im-
portant information on the geometry of magnetic field in the
emitting region. While the polarization of the outer Crab
nebula is rather complex, a more coherent picture emerges
from the recent studies of the inner region. Both the optical
(Moran et al. 2013) and recent X-ray observations (Forot
et al. 2008) agree on the polarization direction in this re-
gion. They show that the photon e-field vector of knot and

wisps well alignment with the spin axis of the Crab pulsar
(Ng & Romani 2004).

We now detail the polarisation signal of our synthetic
PWN in the region of the jet-torus. Figure 24 shows optical
intensity maps with overlying photon b-field vectors, scaled
according to polarisation degree. In 2D, the predominating
polarisation e-field direction is aligned with the projected
axis of rotation, in good agreement with the observations.
Following the symmetry of the problem, exact alignment is

c� 0000 RAS, MNRAS 000, 000–000

• optical intensity (linear 
scale) of the knot 
measured ∼ 1 month 
apart

• Flux as a function of time 
and as function of 
displacement

• Unresolved polarisation 
degree and direction of 
the Knot

• Consistent with 
Komissarov & Lyubarsky 
(2004)

• Significant flux variability 
~20%

• Closer in <-> brighter

• Stable polarisation signal 
at a degree of 60% 

Compare with 
Moran et al. (2013)
Rudy et al. (2015)

α = 45◦, σ0 = 1
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Figure 23. Time series illustrating the knot variability. The top row shows the optical intensity (linear scale) of the knot in simulation
B3Dhr for the consecutive times t = {50.1, 50.2, 50.3, 50.4} years. The numerical resolution on the shock is here 1.1×1015 cm allowing for
a close zoom-in. As before, the position of the pulsar is marked with a white “+” and we indicate the location of the peak intensity with
smaller blue “+”. In the middle panel, we show the corresponding fluxes (normalised to the temporal mean value) as function of time
(left) and as function of the displacement between peak intensity and pulsar position ∆r (right). The data-points are identically coloured
in both figures to allow cross-comparison. We note a variability of the knot flux Fν with standard deviation of 11% over the considered
timescale. The flux is anti-correlated with the displacement, giving a Pearson correlation coefficient between Fν and ∆r of −0.81 for
the presented data. The lower panel shows unresolved polarisation degree and electric vector position angle in the data. Polarisation
degree and direction show almost no variability. The (temporal) mean polarisation degree is 0.58± 0.01 and the mean polarisation angle
is −3.1◦ ± 0.8◦, in close alignment with the axis of rotation (reported errors are standard deviation). Mean values are indicated by the
horizontal line in the plots.

4.4 Polarisation

The linear polarization of synchrotron emission contains im-
portant information on the geometry of magnetic field in the
emitting region. While the polarization of the outer Crab
nebula is rather complex, a more coherent picture emerges
from the recent studies of the inner region. Both the optical
(Moran et al. 2013) and recent X-ray observations (Forot
et al. 2008) agree on the polarization direction in this re-
gion. They show that the photon e-field vector of knot and

wisps well alignment with the spin axis of the Crab pulsar
(Ng & Romani 2004).

We now detail the polarisation signal of our synthetic
PWN in the region of the jet-torus. Figure 24 shows optical
intensity maps with overlying photon b-field vectors, scaled
according to polarisation degree. In 2D, the predominating
polarisation e-field direction is aligned with the projected
axis of rotation, in good agreement with the observations.
Following the symmetry of the problem, exact alignment is

c� 0000 RAS, MNRAS 000, 000–000

• optical intensity (linear 
scale) of the knot 
measured ∼ 1 month 
apart

• Flux as a function of time 
and as function of 
displacement

• Unresolved polarisation 
degree and direction of 
the Knot

• Consistent with 
Komissarov & Lyubarsky 
(2004)

• Significant flux variability 
~20%

• Closer in <-> brighter

• Stable polarisation signal 
at a degree of 60% 

Compare with 
Moran et al. (2013)
Rudy et al. (2015)

α = 45◦, σ0 = 1

     Komissarov & Lyubarsky (2003) 
     Komissarov & Lyutikov (2012) 
     Lyutikov, Komissarov & Porth (2016)
     Yuan & Blandford (2015)
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3D models tell us
• Three mechanisms involved in the solution of the sigma problem:

• Dissipation in striped Wind (here: assumption)

• Nebula turbulence (field randomization)

• We might not get the exact rate correct, but Turbulent magnetic 
dissipation in the nebula is dynamically important

• 3D RMHD models for Crab with σ0=3 (>1)

• MHD model of Crab can explain many observed features: shock 
variability, jet, torus, wisps, knot1, robust in 3D! 

• The jets form downstream of the termination shock where the magnetic 
hoop stress causes collimation of the flow lines that pass through the 
shock at intermediate latitudes.

• Jets don’t drill through the nebula bubble, z-pinch magnetohydrostatic 
configurations obtained in 2D unphysical! Total nebula pressure mostly 
uniform.

• Illuminating the jet (v up to 0.7c) might require particle acceleration in 
addition to the striped wind region at the termination shock.
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Particle transport in 
PWN

With Michael Vorster, Eugene Engelbrecht and Maxim Lyutikov
MNRAS, accepted

arXiv: 1604.03352
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Particle transport: Motivation

• PWN are often center filled: relativistic leptons injected 
centrally, transport and cool

• Spectral index maps and radiative fluxes can help to constrain 
parameters, depend on:

• Particle injection and acceleration

• Dynamics of PWN

• Particle transport and cooling

• May help to understand particle acceleration: Only at shock or 
in-situ in the nebula?  

• Escape of PWN accelerated particles: Might explain properties 
of cosmic rays, e.g. positron excess?

Donnerstag, 19. Mai 2016
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The PWN is a turbulent environment

• Turbulence driven by kink-instability 
of the jet and equatorial shear-flow

• Injection scale: Rts

• Less vigorous and decaying further 
out.

• Hemispherical guide-field still present
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6 O. Porth, M. J. Vorster, M. Lyutikov and N. E. Engelbrecht

Figure 4. Characterisation of the turbulence in magnetic (top) and velocity fields (bottom). Left: Logarithm of the average fields

(magnetic field given in Gauss). We also show stream-lines of the poloidal velocity vector-fields as white lines. Two large-scale counter-

streaming vortices form on each hemisphere. Middle: Magnitude of the fluctuating field component. Right: Fluctuating components in

terms of the average. We average over the azimuthal angle and 21 snapshots, corresponding to 20 years.

we apply the Taylor-Green-Kubo (TGK) formulation (e.g.
Shalchi & Döring 2007, and references therein) directly to
the MHD velocity field :

D̂xy(∆t) ≡
� ∆t

0

dτ�(vx(τ)− �vx�)(vy(0)− �vy�)� (15)

where we subtract the background flow velocities �vx,y�. In
the following, we will only study the radial transport, thus
x, y = r. Assuming homogeneity in time and purely diffusive
behavior, this definition would be identical to the general
form Eq. (1) if the velocities were taken as particle veloci-
ties. On the other hand, as long as the magnetic field remains
toroidally dominated, the components of particle drift veloc-
ity (E×B) êr and flow velocity vr can be interchanged. It is
hence instructive to see how Eq. (15) compares to the direct
measurement from test-particles using Eq. (1).

To obtain convergence of the integral D̂rr, we need to
ensure that the upper bound ∆t is chosen larger than the
correlation time following from

R(∆t) =
�(vr(∆t)− �vr�) (vr(0)− �vr�)�

�v2r� − �vr�2
. (16)

The right-hand panel of Fig. 5 shows the resulting coefficient
for radial diffusion D̂rr after an integration over five years.2

We overplot white contours of R = 1/2 to visually sepa-
rate correlated from uncorrelated regions. At this time, the
flow is uncorrelated in most regions which indicates conver-
gence of D̂rr. Qualitatively, we obtain good agreement with

2
In principle the integration time should be chosen as large as

possible. However, we note that convergence is lost for larger in-

tegration times, most likely due to finite box effects.

c� 0000 RAS, MNRAS 000, 000–000
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Motivation Applications Guiding Centre Approximation The examples of the Hands-On-Session References

Particle transport in Pulsar Wind Nebulae: MPI-AMRVAC simulations

Particle transport in Pulsar Wind Nebulae, Work in progress with
Michael Vorster, Eugene Engelbrecht and Maxim Lyutikov

X-ray emitting leptons have Lorentz factors of Γp ≥ 107

du

dt
=

q

mc

�
E+

u× B

cΓp

�
(11)

Drr (t) =
1

2

�(∆r(t))2�r,φ,θ
t

(12)

Particle orbits in a 2D evolution and running diffusion coefficient for radial transportParticle tracing and acceleration in MHD evolution

Suppose X-ray emitting particles are injected at the termination 
shock. How are they transported through the nebula?

Particle  Lorentz factors Γp ≥107 

Motivation Applications Guiding Centre Approximation The examples of the Hands-On-Session References

Particle transport in Pulsar Wind Nebulae: MPI-AMRVAC simulations

Particle transport in Pulsar Wind Nebulae, Work in progress with
Michael Vorster, Eugene Engelbrecht and Maxim Lyutikov

X-ray emitting leptons have Lorentz factors of Γp ≥ 107

du

dt
=

q

mc

�
E+

u× B

cΓp

�
(11)

Drr (t) =
1

2

�(∆r(t))2�r,φ,θ
t

(12)

Particle orbits in a 2D evolution and running diffusion coefficient for radial transportParticle tracing and acceleration in MHD evolution
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Particle transport in Pulsar Wind Nebulae: MPI-AMRVAC simulations

Particle transport in Pulsar Wind Nebulae
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r/rn
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1.0

D
rr
[c

m
2 s−

1 ]

×1027

Γp = 107

Γp = 108

Γp = 109

Average profile of the radial diffusion coefficient

for increasing particle energies.

Bohm Diffusion:

DB =
1

3
r2gωg (13)

= 1.7 × 1024
�

Γp

107

��
B

100µG

�−1

cm2 s−1

(14)

Turbulent Eddy diffusion:

DE
Ls =

1

3
vf Ls (15)

= 1 × 1027
� vf
0.5c

��
Ls

0.2Ly

�
cm2 s−1 .

(16)

Ls : Scale of largest Eddy, termination shock ∼ 2× 1017 cm. vf : Velocity at this scale
∼ 1/2c.

rg =
p⊥c

eB
= 1.7× 1016

�
Γp
109

��
B

100µG

�−1

cm (17)

Diffusion becomes energy dependent when rg ≥ Ls , thus for Γp = 1010, these particles
have too short synchrotron lifetimes however ⇒ Diffusion always energy independent!

Particle tracing and acceleration in MHD evolution

Advection
Diffusion
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lets do some modelingMotivation Applications Guiding Centre Approximation The examples of the Hands-On-Session References

Particle transport in Pulsar Wind Nebulae: MPI-AMRVAC simulations

Particle transport in Pulsar Wind Nebulae: Vela

Particle tracing and acceleration in MHD evolution

Motivation Applications Guiding Centre Approximation The examples of the Hands-On-Session References

Particle transport in Pulsar Wind Nebulae: MPI-AMRVAC simulations

Particle transport in Pulsar Wind Nebulae: G21.5-0.9

Particle tracing and acceleration in MHD evolution

Motivation Applications Guiding Centre Approximation The examples of the Hands-On-Session References

Particle transport in Pulsar Wind Nebulae: MPI-AMRVAC simulations

Particle transport in Pulsar Wind Nebulae: 3C58

8 O. Porth, M. J. Vorster and M. Lyutikov

Figure 7. Averaged profiles of magnetic field magnitude and radial velocity in model B3D of PKK14. A Gaussian was fitted to profiles
averaged from four snapshots at t = 60, 61, 62, 63 years after the start of the simulation.

Table 1. Values derived for the free parameters. KC84 represent values found using the magnetic field derived by Kennel & Coroniti
(1984a), and PKK14 the values found using the model of Porth et al. (2014a).The second part of the table lists spatially averaged values
calculated from the modelling.

G21.5-0.9 Vela 3C 58

Parameter KC84 PKK14 KC84 PKK14 KC84 PKK14

B0 (µG) 11 283 24 38 2.2 300
V0 (units of c) 0.36 0.51 0.43 0.51 0.35 0.51
κ0 (1026 cm2 s−1) 55 5.7 1.6 1.4 12.1 13.3
σ (10−3) 1.3 −− 55 −− 0.55 −−
η (10−2) 3.0 4.5 2.6 2.1 −− −−

B̄ (µG) 51 43 5.2 5.8 17 46
V̄ (10−3, units of c) 4.2 3.1 68 3.3 4.5 2.6
κ̄ (1026 cm2 s−1) 11.5 5.7 8.1 1.4 1.7 13.3
ξ̄ 0.21 0.34 7.3 2.1 2.2 0.19

nebula with a radius of rpwn ∼ 40��, while Slane et al. (2000)
estimated a value of r0 � 1”.5 for the radius of the termina-
tion shock. In order to keep the number of free parameters
to a minimum, the value r0 = 1”.5 is used for fitting the
data.

Bietenholz & Bartel (2008) measured that the PWN is
expanding at a velocity of Vpwn = 910 ± 160 km s−1. With
the assumed value of r0, the KC84 model predicts that the
above-mentioned expansion velocity in the outer regions of
the PWN is compatible with the range of values 1.0×10−3 ≤
σ ≤ 1.6 × 10−3. For the modelling the intermediate value
σ = 1.3 × 10−3 is chosen. This range of σ values is also
comparable to the value σ = 3× 10−3 derived for the Crab
Nebula (Kennel & Coroniti 1984b). For the PKK14 model,
the value Vpwn = 910 km s−1 is used.

The data that is modelled is the 2− 8 keV observations
given in Tsujimoto et al. (2011). For these observations data
was extracted from circular regions of increasing size, with
the centre of each region placed on the position of the pul-
sar. The observations therefore represent cumulative data.
A 3 − 45 keV observation for the region r ≤ 30�� has also
recently been reported by Nynka et al. (2014). The authors
found statistically significant evidence for a spectral break
at ∼ 9 keV, deriving Γ = 1.852 ± 0.0011 for the 3 − 9 keV
energy range, and Γ = 2.099+0.019

−0.017 for the 9− 45keV energy
range. However, the 3−9 keV measurement is not entirely in

agreement with the results of Tsujimoto et al. (2011), who
found Γ = 1.78± 0.02 for the same region. Despite this dis-
crepancy, the single 9 − 45keV observation of Nynka et al.
(2014) was taken into account for the modelling, as it was
found that this does help to constrain the possible free pa-
rameters. As such the single observation should have only a
limited influence on the χ2 value calculated for the fit.

The best-fit model prediction using the KC84 model is
shown in Figure 8, with the best-fit values listed in Table 1.
The figure shows that the KC84 model is able to produce a
good fit to the data in the intermediate and outer regions
of the PWN, but fails to reproduce the data in the inner
regions. The average magnetic field derived from the fit is
B̄ = 51µG, comparable to the value B̄ = 25µG derived
by de Jager et al. (2008) using very high energy gamma-
ray observations. This is also comparable to the values B̄ =
47µG and B̄ = 64µG derived by Tanaka & Takahara (2011)
using a spatially independent transport model. However, the
value for presently derived for the B̄ is significantly smaller
than the equipartition value B = 180µG estimated by Safi-
Harb et al. (2001), and used by Tang & Chevalier (2012)
in their modelling of G21.5-0.9. Using the present model it
was found that such a large magnetic field can also lead to
a fit similar to the one shown in Figure 8, provided that one
neglects the 9 − 45keV observation of Nynka et al. (2014).
One possible problem with the fit shown in Figure 8 is that

c� 0000 RAS, MNRAS 000, 000–000

� Quality of fits based on re-scaled
simulation models “as good/bad as”
the laminar flow models

� Constrained parameters agree in
order-of-magnitude with simpler
analytic model

� Péclet number ξ = Vr
Drr

= O(1) thus
diffusion important transport
mechanism!

Particle tracing and acceleration in MHD evolution

Vela

G21.5-09

3C58

What do X-ray observations tell us about...

?
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Particle transport in Pulsar Wind Nebulae: MPI-AMRVAC simulations

Particle transport in Pulsar Wind Nebulae
Back to the transport equation:

∂f

∂t
+ v ·∇f =

∂

∂µ

�
Dµµ

∂f

∂µ

�
+

1

p2
∂

∂p

�
Dpp

∂f

∂p

�
(18)

Look for steady state solutions for the radial transport and including adiabatic and
radiative losses:

Drr (r)
∂2f

∂r2
+

�
1

r2
∂

∂r

�
r2Drr (r)

�
− V (r)

�
∂f

∂r
+

�
1

3r2
∂

∂r

�
r2V (r)

�
+ zpp

�
∂f

∂ ln p
+4zppf = 0,

(19)
with the Synchrotron loss term

zp(r) =
4σT

3 (mec)
2

B2(r)

8π
(20)

Particle tracing and acceleration in MHD evolution
r/rn r/rn

Averaged profiles from a fiducial MHD simulation Fokker-Planck spectral modeling, e.g. 
Tang & Chevalier (2012)

Donnerstag, 19. Mai 2016



Motivation Applications Guiding Centre Approximation The examples of the Hands-On-Session References

Particle transport in Pulsar Wind Nebulae: MPI-AMRVAC simulations

Particle transport in Pulsar Wind Nebulae
Back to the transport equation:

∂f

∂t
+ v ·∇f =

∂

∂µ

�
Dµµ

∂f

∂µ

�
+

1

p2
∂

∂p

�
Dpp

∂f

∂p

�
(18)

Look for steady state solutions for the radial transport and including adiabatic and
radiative losses:

Drr (r)
∂2f

∂r2
+

�
1

r2
∂

∂r

�
r2Drr (r)

�
− V (r)

�
∂f

∂r
+

�
1

3r2
∂

∂r

�
r2V (r)

�
+ zpp

�
∂f

∂ ln p
+4zppf = 0,

(19)
with the Synchrotron loss term

zp(r) =
4σT

3 (mec)
2

B2(r)

8π
(20)

Particle tracing and acceleration in MHD evolution
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Kennel & Coroniti (1984) laminar model 

r/rn r/rn

Averaged profiles from a fiducial MHD simulation Fokker-Planck spectral modeling, e.g. 
Tang & Chevalier (2012)
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Particle transport in Pulsar Wind Nebulae: MPI-AMRVAC simulations

Particle transport in Pulsar Wind Nebulae: Vela

Particle tracing and acceleration in MHD evolution

vn = 1000km/s

r0 = 21��
rn = 40��
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Particle transport in Pulsar Wind Nebulae: MPI-AMRVAC simulations

Particle transport in Pulsar Wind Nebulae: G21.5-0.9

Particle tracing and acceleration in MHD evolution

rn = 40��

Ls = 1��.5

vn = 910km/s
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Particle transport in Pulsar Wind Nebulae: MPI-AMRVAC simulations

Particle transport in Pulsar Wind Nebulae: 3C58

8 O. Porth, M. J. Vorster and M. Lyutikov

Figure 7. Averaged profiles of magnetic field magnitude and radial velocity in model B3D of PKK14. A Gaussian was fitted to profiles
averaged from four snapshots at t = 60, 61, 62, 63 years after the start of the simulation.

Table 1. Values derived for the free parameters. KC84 represent values found using the magnetic field derived by Kennel & Coroniti
(1984a), and PKK14 the values found using the model of Porth et al. (2014a).The second part of the table lists spatially averaged values
calculated from the modelling.

G21.5-0.9 Vela 3C 58

Parameter KC84 PKK14 KC84 PKK14 KC84 PKK14

B0 (µG) 11 283 24 38 2.2 300
V0 (units of c) 0.36 0.51 0.43 0.51 0.35 0.51
κ0 (1026 cm2 s−1) 55 5.7 1.6 1.4 12.1 13.3
σ (10−3) 1.3 −− 55 −− 0.55 −−
η (10−2) 3.0 4.5 2.6 2.1 −− −−

B̄ (µG) 51 43 5.2 5.8 17 46
V̄ (10−3, units of c) 4.2 3.1 68 3.3 4.5 2.6
κ̄ (1026 cm2 s−1) 11.5 5.7 8.1 1.4 1.7 13.3
ξ̄ 0.21 0.34 7.3 2.1 2.2 0.19

nebula with a radius of rpwn ∼ 40��, while Slane et al. (2000)
estimated a value of r0 � 1”.5 for the radius of the termina-
tion shock. In order to keep the number of free parameters
to a minimum, the value r0 = 1”.5 is used for fitting the
data.

Bietenholz & Bartel (2008) measured that the PWN is
expanding at a velocity of Vpwn = 910 ± 160 km s−1. With
the assumed value of r0, the KC84 model predicts that the
above-mentioned expansion velocity in the outer regions of
the PWN is compatible with the range of values 1.0×10−3 ≤
σ ≤ 1.6 × 10−3. For the modelling the intermediate value
σ = 1.3 × 10−3 is chosen. This range of σ values is also
comparable to the value σ = 3× 10−3 derived for the Crab
Nebula (Kennel & Coroniti 1984b). For the PKK14 model,
the value Vpwn = 910 km s−1 is used.

The data that is modelled is the 2− 8 keV observations
given in Tsujimoto et al. (2011). For these observations data
was extracted from circular regions of increasing size, with
the centre of each region placed on the position of the pul-
sar. The observations therefore represent cumulative data.
A 3 − 45 keV observation for the region r ≤ 30�� has also
recently been reported by Nynka et al. (2014). The authors
found statistically significant evidence for a spectral break
at ∼ 9 keV, deriving Γ = 1.852 ± 0.0011 for the 3 − 9 keV
energy range, and Γ = 2.099+0.019

−0.017 for the 9− 45keV energy
range. However, the 3−9 keV measurement is not entirely in

agreement with the results of Tsujimoto et al. (2011), who
found Γ = 1.78± 0.02 for the same region. Despite this dis-
crepancy, the single 9 − 45keV observation of Nynka et al.
(2014) was taken into account for the modelling, as it was
found that this does help to constrain the possible free pa-
rameters. As such the single observation should have only a
limited influence on the χ2 value calculated for the fit.

The best-fit model prediction using the KC84 model is
shown in Figure 8, with the best-fit values listed in Table 1.
The figure shows that the KC84 model is able to produce a
good fit to the data in the intermediate and outer regions
of the PWN, but fails to reproduce the data in the inner
regions. The average magnetic field derived from the fit is
B̄ = 51µG, comparable to the value B̄ = 25µG derived
by de Jager et al. (2008) using very high energy gamma-
ray observations. This is also comparable to the values B̄ =
47µG and B̄ = 64µG derived by Tanaka & Takahara (2011)
using a spatially independent transport model. However, the
value for presently derived for the B̄ is significantly smaller
than the equipartition value B = 180µG estimated by Safi-
Harb et al. (2001), and used by Tang & Chevalier (2012)
in their modelling of G21.5-0.9. Using the present model it
was found that such a large magnetic field can also lead to
a fit similar to the one shown in Figure 8, provided that one
neglects the 9 − 45keV observation of Nynka et al. (2014).
One possible problem with the fit shown in Figure 8 is that

c� 0000 RAS, MNRAS 000, 000–000

� Quality of fits based on re-scaled
simulation models “as good/bad as”
the laminar flow models

� Constrained parameters agree in
order-of-magnitude with simpler
analytic model

� Péclet number ξ = Vr
Drr

= O(1) thus
diffusion important transport
mechanism!

Particle tracing and acceleration in MHD evolution
vn = 730km/s r0 = 5��.25 rn = 90��
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Figure 7. Time-averaged profiles of the magnetic field magnitude and radial velocity using the model “B3D” of Porth et al. (2014b). A
Gaussian was fitted to profiles averaged from four snapshots at t = 60, 61, 62, 63 years after the start of the simulation.

Table 1. Values derived for the free parameters: KC84 represent values found using the model of Kennel & Coroniti (1984a)– Scenario
(a) corresponds to the case κ ∝ B−1 and Scenario (b) to the case κ ∝ B−2– and PKK14 the values found using the model of Porth
et al. (2014b). The first part of the table lists the values of the various parameters at the termination shock, and the second part values
averaged over the PWN.

G21.5-0.9 Vela 3C 58

Parameter KC84(a) KC84(b) PKK14 KC84(a) KC84(b) PKK14 KC84(a) KC84(b) PKK14

Bs (µG) 33 33 283 264 264 38 8 8 300
Vs (units of c) 0.36 0.36 0.51 0.52 0.52 0.51 0.35 0.35 0.51
κs (1026 cm2 s−1) 8.5 6.0 5.7 0.5 0.5 1.4 27.8 17.1 13.3
σ (10−3) 1.3 1.3 −− 142 143 −− 0.6 0.6 −−
η (10−2) 8.8 22.5 4.5 0.3 0.3 2.1 −− −− −−

B̄ (µG) 158 158 43 30 30 5.8 63 63 46
V̄ (10−3, units of c) 4.2 4.2 3.1 159 159 3.3 4.5 4.5 2.6
κ̄ (1026 cm2 s−1) 1.2 0.3 5.7 1.1 0.9 1.4 1.8 0.3 13.3
ξ̄ 2.0 9.7 0.3 129 186 2.1 2.0 15 0.2

2008), with an estimated age of 870 yr (Bietenholz & Bartel

2008). X-ray observations (Slane et al. 2000; De Rosa et al.

2009; Tsujimoto et al. 2011) reveal a bright, highly spherical

nebula with a radius of rpwn ∼ 40
��
, while Slane et al. (2000)

estimated a value of rs � 1”.5 for the radius of the termina-

tion shock. In order to keep the number of free parameters

to a minimum, the value rs = 1”.5 is used for fitting the

data.

Bietenholz & Bartel (2008) measured that the PWN is

expanding at a velocity of Vpwn = 910 ± 160 km s
−1

. With

the assumed value of rs, the KC84 model predicts that the

above-mentioned expansion velocity in the outer regions of

the PWN is compatible with the range of values 1.0×10
−3 ≤

σ ≤ 1.6 × 10
−3

. For the modelling the intermediate value

σ = 1.3× 10
−3

is chosen, leading to magnetic field strength

of Bs = 33µG at the termination shock. This range of σ
values is also comparable to the value σ = 3× 10

−3
derived

for the Crab Nebula (Kennel & Coroniti 1984b). For the

PKK14 model, the value Vpwn = 910 km s
−1

is used.

The data that is modelled is the 2− 8 keV observations

reported by Tsujimoto et al. (2011). For these observations

data was extracted from circular regions of increasing size,

with the centre of each region placed on the position of

the pulsar. The observations therefore represent cumulative

data. A 3−45 keV observation for the region r ≤ 30
��
has also

recently been reported by Nynka et al. (2014). The authors

found statistically significant evidence for a spectral break

at ∼ 9 keV, deriving Γ = 1.852 ± 0.0011 for the 3 − 9 keV

energy range, and Γ = 2.099+0.019
−0.017 for the 9− 45keV energy

range. However, the 3−9 keV measurement is not entirely in

agreement with the results of Tsujimoto et al. (2011), who

found Γ = 1.78± 0.02 for the same region. Despite this dis-

crepancy, the single 9 − 45keV observation of Nynka et al.

(2014) was taken into account for the modelling, as it was

found that this does help to constrain the possible free pa-

rameters. As such the single observation should have only a

limited influence on the χ2
value calculated for the fit.

The best-fit model prediction using the KC84 model is

shown in Fig. 8, with the best-fit values listed in Tab. 1. The

figure shows that the KC84 model is not able to reproduce

the evolution of Γ. Additionally, there is also little variation

in the results when a diffusion coefficient is used that scales

as either κ ∝ B−1
or κ ∝ B−2

(henceforth referred to as

KC84(a) and KC84(b)). The KC84 model is however capable

of modelling the evolution of the flux to some degree, with

the largest deviation between the model prediction and the

data occurring in the inner parts of the nebula. The average

magnetic field derived from the fit is B̄ = 158µG, compara-

ble to the equipartition value B = 180µG estimated by Safi-

Harb et al. (2001), and used by Tang & Chevalier (2012) in
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• Re-scaled simulation give better 
fits for photon index maps

• Typically, lower average 
magnetic field strength and 
velocities obtained

• Peclet number

thus diffusion important 
transport mechanism!

ξ̄ =
vr

Drr
= O(1)
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Conclusions Particle transport

• Turbulence in PWN gives rise to high diffusive particle transport, 
most likely dominates over kinetic diffusion. Peclet numbers of ~1

• Propose a scaling of diffusion with the predominant scale: 
Termination shock

• Particle escape time in Crab: ~300 years

• Test particle simulations find energy independent diffusive regime, 
not Bohm.

• Performed fits of X-ray flux and spectral index for three young 
PWN

• Yields acceptable fits also for σwind~1 in particular for the X-ray 
spectral index

• Don‘t use Kennel-Coroniti model! Its wrong and does not tell you 
anything about σwind
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