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modelling the crust 
The crust forms very early on in a neutron star’s life.  

It (basically) contains a sequence of increasingly neutron-rich nuclei in an 
elastic lattice. Beyond neutron drip a superfluid neutron component permeates 
this lattice. 

The crust plays a key role for a number of phenomena; 

 starquakes/flares 

Elastic strain builds up as the star evolves (cooling, 
spindown or magnetic field evolution) to the point 
where the crust yields. This may lead to observed 
pulsar glitches and magnetar flares. 

glitches 

Superfluid vortices may be pinned to the crust. This 
leads to the build-up of a rotational lag as the star 
spins down. Catastrophic unpinning events may lead 
to observed pulsar glitches.   

 However... We need to understand these mechanisms better. 



feeling the strain 
The crust elasticity becomes important as the star evolves, e.g. through 
spindown of magnetic field evolution, and the actual shape of the crust differs 
from the shape it would “like to have”.  
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Figure 6. Logarithmic plots of the ratio of magnetic strain to breaking strain within a neutron-star crust; when the ratio exceeds unity
(i.e. zero for this logarithmic plot) the crust should break. The colour scale shows regions where the ratio is 0.5 or greater, corresponding
to −0.3 or greater on the logarithmic scale, reflecting the fact that a real NS crust’s crystalline lattice may contain flaws and impurities
which cause it to break before reaching the limit for a pure crust. We plot the crust at twice its actual thickness to show strain patterns
more clearly. All plots show strain built up in NSs with a present-day field strength Bp = 6.0× 1014 G, after the loss of 2.5 × 1046 erg
of magnetic energy. This loss represents 0.80% of the present-day total magnetic energy for the left-hand plots (superconducting core
protons and a vacuum exterior), 4.7% for the middle plots (normal core protons, non-vacuum exterior) and 3.6% for the right-hand plots
(normal core protons, vacuum exterior). The top row shows results for a very strong crust, with a breaking strain σmax = 0.1; the bottom
row is the same set of configurations but assuming a more ‘traditional’ value of σmax = 0.001. Our models show that a NS crust yields
most easily if the star has a locally strong toroidal-field component, with the failure occurring in the outer equatorial region first.

day) model with crustal strains sourced by the magnetic
field, and varying the other, ‘before’ (original) configura-
tion – i.e. the initial star with its relaxed crust. We assume
the ‘before’ field has decayed into the ‘after’ field – so that
the greater the difference in magnetic energy between these
models, the larger the region of the crust that should be
strained to the point of yielding. We also explore the effect
of varying the breaking strain and the ‘after’ field strength.
We then compare the depth of the fracture in each case with
the magnetic-energy change in the region which fails, which
we regard as the energy released over the crustquake and
denote Equake.

As discussed in the previous subsection, our models
with normal core protons and vacuum exterior have the
highest ratio of toroidal-component maximum to polar-cap
field strength. We believe that equilibrium solutions with
similarly high ratios do exist in other cases, in particular
the case with core superconductivity, but that our numeri-
cal scheme is simply less successful at converging to them. In
this section we will only consider the class of models with a
normal core and vacuum exterior, and will use the strongest
toroidal components we can, as before, since this seems to

be associated with the greatest build-up of strain. Given
that we believe similarly strong toroidal fields should exist
in other cases, however, the results presented here are in-
tended to be representative of a favourable crust-breaking
scenario for any model.

We begin by fixing the present-day polar-cap field
strength as 3.0×1014 G and varying the initial field strength.
We then calculate the ratio of magnetically-induced strain σ
to breaking strain σmax throughout the crust, using equation
(16), to determine what depth of region will fail according
to the von Mises yield criterion. The difference in magnetic
energy between the ‘before’ and ‘after’ equilibrium configu-
rations, within the volume of the crust which breaks, gives
us the energy Equake released in such a crustquake:

Equake =

∫

σ!σmax

(B2
0 −B2)

8π
dV. (18)

Our results for the variation of energy release with fracture
depth are plotted in figure 7 for three different breaking
strains, to allow us to check the dependence on this quantity
too. For fracture depths exceeding around half the crustal
thickness, we find that the data is fitted satisfactorily by an
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If the strain reaches a critical level the crust 
“yields”. This may lead to (small) glitches and 
could be the mechanism behind magnetar giant 
flares. 
Molecular dynamics simulations (Horowitz et al) 
show that the breaking strain is much larger than 
previously thought.  
This means that the crust is able to build up a 
larger amount of strain energy.  
By comparing different magnetic field equilibrium 
configurations one can show that this energy may 
be enough to power giant flares.  
However;  
-  we don’t know how the energy is released 
-  plastic flow may be relevant 
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Penner et al 3

The Love number is calculated numerically as a prop-
erty purely of the stellar model, and the amplitude of
the associated perturbation is parameterised by aP , ei-
ther in terms of the binary separation, or the associated
gravitational-wave frequency:

aP = 6π2

√

4π

5

G2M2Mcomp

c6Mtotal
f2
GW (17)

Note that, for given stellar masses the tidal deformation
scales as the square of the gravitational-wave frequency.

4. RESULTS

We have generalised the numerical framework of
Penner et al. (2011) to allow for realistic equations of
state for both the crust and the star’s core. We present
results for stellar models that combine the Akmal et al.
(1998) equation of state for the core fluid with the results
of Douchin & Haensel (2001) in the crust. These mod-
els are state-of-the-art for this problem, but it should be
noted that we have not accounted for the (likely) pres-
ence of nuclear pasta in the inner crust. A sizeable pasta
region could have significant impact on the results, but
we do not yet have a sufficiently detailed equation of state
representing this possibility.
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Figure 1. Left panel: Mass-radius relation for our sequence of
stellar models, demonstrating consistency with the observational
constraints of Demorest et al. (2010) (upper dashed horizontal line)
and Steiner et al. (2010) (grey region). Right panel: The Love
number k2 (upper curve) as a function of the stellar compactness
M/R; cf., the pure fluid results in Fig. 1 of Hinderer et al. (2010).
We also show the relative influence of the crust on the tidal de-
formability, represented by ∆k2/kfluid2

(lower curve); this is similar
to the results of Penner et al. (2011). The compactness of the
1.4M⊙ model considered in Fig. 2 is indicated by a vertical dashed
line.

The chosen core equation of state is sufficiently stiff to
satisfy constraints from observations (cf., the left panel
of Fig 1). It allows for neutron star masses at least as
large as 2M⊙, in agreement with the observed 1.97M⊙

mass of PSR J1614-2230 (Demorest et al. 2010). It also
satisfies the radius constraint from X-ray burst sources,
i.e., that a star with mass of 1.4M⊙ should have a radius
in the range 11–12 km (Steiner et al. 2010). The elastic
properties of the crust do not affect the equilibrium con-
figurations since we assume the star is relaxed at large
binary separations.
Given this equilibrium configuration, we have calcu-

lated both the Love number k2, and the fractional differ-
ence ∆k2/kfluid2 = (kcrust2 −kfluid2 )/kfluid2 between the Love
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Figure 2. The gravitational-wave frequency (in Hz) at failure
for different locations in the crust of a 1.4M⊙ neutron star. The
result, which is obtained by comparing the von Mises strain to the
breaking strain of Horowitz & Kadau (2009), corresponds to an
equal-mass binary. The vertical line near 11.15 km indicates the
location of neutron drip in the star.

numbers for an elastic star and the equivalent purely fluid
star (see Penner et al. (2011) for details). The results are
shown in the right panel of Fig. 1. They can be compared
to, first of all, the fluid star results of Hinderer et al.
(2010) and secondly the results of Penner et al. (2011)
for the magnitude of the crust effects. Based on these
comparisons, the present results are not surprising.
We have also evaluated the von Mises stress associ-

ated with the tidal perturbation. By comparing the
result to the anticipated breaking strain ubreak ≈ 0.1
(Horowitz & Kadau 2009), we can infer when different
parts of the crust fail during binary inspiral. A typical
result is shown in Fig. 2, providing the gravitational-wave
frequency at failure throughout the crust for a 1.4M⊙

star (in an equal-mass binary). The result is not trivial,
owing to both the nonlinear combination of perturbed
quantities that enter the von Mises stress and the asso-
ciated angular functions.
The large variation in the crustal strain implies that

failure will occur at different stages during inspiral. From
Fig. 2 we see that the outer crust (roughly up to neutron
drip, corresponding to r ≈ 11.15 km in Fig. 2) fails fairly
uniformly when fGW ≈ 200 Hz. Meanwhile, failure of
the bulk of the inner crust requires fGW ≈ 600− 800 Hz,
a factor of two or so below the ISCO frequency (see equa-
tion (10)). However, there are also macroscopic regions
in the inner crust that will not fail before merger. These
results improve upon the estimates from section 2, show-
ing the rich structure of the realistic calculation, with
failure occurring at different stages at different depths.

5. IMPLICATIONS

What happens when the crust fails? Again, key in-
sights are provided by the molecular dynamics simu-
lations of Horowitz & Kadau (2009). The indications
are that when the critical strain is reached, there is a
catastrophic failure, with energy released throughout the
strained volume, rather than the formation of a lower-
dimensionality crack. What happens next is less clear.
Two extreme scenarios can be envisaged: the relieved

During inspiral strains builds in neutron 
star’s crust due to the tidal interaction.  
Crust yielding may trigger an observable 
electromagnetic counterpart to the 
merger. 
This could release as much as 1046 erg, 
so a signal might be visible out to/
beyond 100 Mpc) with current 
instruments. 

In principle, the presence of the crust impacts on a range of interesting 
problems. Yet, the elasticity is often “ignored”. 
Q. Are fundamental physics aspects detectable or hidden in the fineprint? 
At what point during inspiral does it matter that a neutron star is not a 
“perfect fluid”? 
Final merger provides “standard model” for short gamma-ray bursts… 
 
 
 



magnetar quakes 
Observed quasi-periodic oscillations in x-ray tail from magnetar 
giant flares provided first real opportunity for asteroseismology. 
If the oscillations are associated with the crust then the observed 
spectrum constrains the equation of state (at least in principle). 

However… 
-  the magnetic field couples the 

crust to the core, which 
complicates the problem 

-  the presence of a superfluid 
component affects the oscillations;   

 where χ encodes the effective 
mass of the free neutrons (due to 
Bragg scattering off the lattice 
nuclei). 

 

ω 2 → ω 2 ≈
xc
χ
ω 2
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adding superfluidity 
Mature neutron stars are “cold” (108K<< TFermi=1012K) so they should be 
either solid or superfluid. 
 Nuclear physics calculations indicate 
“BCS-like” pairing gaps for neutrons 
and protons. 
Observational evidence from cooling 
and timing variability. 
 
 
Model dynamics with two-fluid model: 

∂tnx +∇i (nxvx
i ) = 0

(∂t + vx
j∇ j )pi

x +∇i (Φ + µx ) + εxwj
yx∇ivx

j = fi
x

where the relative velocity is                             and the momenta are given by yx y x
i i iw v v= −

This encodes the entrainment effect, due to which the velocity of each fluid 
does not have to be parallel to its momentum.  

Can be thought of in terms of an “effective mass”. 

 

-  the effective neutron mass may be large in the inner crust of the star 

-  entropy entrainment required for causal heat flux (in relativistic model)  

x x yx
x i i ip v wε= +



the crust is not enough 
Superfluidity provides the standard explanation 
for observed pulsar glitches.  
For systems that glitch regularly, one can 
estimate the moment of inertia of the superfluid 
component.  
Need to involve up to 2% of the total moment of 
inertia.  
The crust superfluid would be sufficient to 
explain the observations; as long as we do not 
worry about the entrainment.  

2

sents the charged component (including the elastic crust)
which is spun down electromagnetically. Labelling this
component by an index p, we have

IpΩ̇p = −aΩ3
p −Npin −NMF (1)

where the first term on the right-hand side represents the
standard torque due to a magnetic dipole (the coefficient
a depends on the moment of inertia, the magnetic field
strength and its orientation; we assume that these param-
eters do not evolve with time). We also have a superfluid
component, with index n, which evolves according to

InΩ̇n = Npin +NMF (2)

On the right-hand sides of these equations we have added
terms representing torques associated with vortex pin-
ning (Npin) and dissipative mutual friction (NMF) asso-
ciated with scattering off of the vortices in the superfluid.
We will not need explicit forms for these in the following.
Glitches can be understood as a two-stage process. In

the first phase the superfluid vortices are pinned. This
means that Npin is exactly such that Ω̇n = 0. That is,
the pinning force counteracts the friction which tries to
bring the fluids into co-rotation. The upshot is that the
crust evolves according to

IpΩ̇p = −aΩ3
p −→

1

Ω2
p

−
1

Ω2
0

=
2a

Ip
(t− t0) (3)

Assuming that a system starts out at co-rotation (with
spin Ω0 at time t0), we can estimate how the spin-lag,
∆Ω = Ωn−Ωp, between the two components evolves with
time. As long as the spin-lag is small we have ∆Ω/Ωp ≈
tglitch/2τc where tglitch is the interglitch time and τc =
−Ωp/2Ω̇p is the characteristic age of the pulsar.
At some point, this lag reaches a critical level where

the vortices unpin. The two components then relax to
co-rotation on the mutual friction timescale (which may
be as fast as a few hundred rotations of the system [10]).
This transfers angular momentum from the superfluid
reservoir to the crust, leading to the observed glitch. As-
suming that angular momentum is conserved in the pro-
cess (such that the entire spin-lag∆Ω drives the observed
glitch jump ∆Ωp) we have

Ip∆Ωp = In∆Ω −→
∆Ωp

Ωp
≈

In
I

tglitch
2τc

(4)

where I = In+Ip is the total moment of inertia (we have
assumed a small superfluid reservoir, i.e. I ≈ Ip).
Let us compare this model to observations. To do this,

we assume that we see a number of glitches in a given sys-
tem during an observation campaign lasting tobs. Then
we can work out the accumulated change in the observed
spin due to glitches, and relate the result to the simple
two-component model. From (4) we then have

In/I ≈ 2τcA where A =
1

tobs

(

∑

i

∆Ωi
p/Ωp

)

(5)

PSR τc (kyr) A (×10−9/d) In/I (%)

J0537-6910 4.93 2.40 0.9

B0833-45 (Vela) 11.3 1.91 1.6

J0631+1036 43.6 0.48 1.5

B1338-62 12.1 1.31 1.2

B1737-30 20.6 0.79 1.2

B1757-24 15.5 1.35 1.5

B1758-23 58.4 0.24 1.0

B1800-21 15.8 1.57 1.8

B1823-13 21.5 0.78 1.2

B1930+22 38.8 0.95 2.7

B2229+6114 10.5 0.63 0.5

TABLE I: Inferred superfluid moment of inertia fraction for
glitching pulsar which have exhibited at least two (large)
events of similar magnitude. The data is taken from [1] (up-
dated to included a few more recent events [11]), c.f., Figures 1
and 2. We give each pulsars name, the characteristic age, τc,
the averaged rate of spin-reversal due to glitches, A, and the
moment of inertia ratio In/I obtained from (5).

For systems that have exhibited at least two glitches of
similar magnitude [1] we can estimate the average rever-
sal in spindown due to (large) glitches per day of obser-
vation, A. This leads to the inferred moment of inertia
fractions listed in Table I. For some systems, like the
Vela pulsar and the X-ray pulsar J0537-6910, the esti-
mate should be quite reliable given the number of glitches
exhibited and their regularity. In other cases, the data is
less impressive, as is clear from Figure 2. Nevertheless,
the message seems clear: Glitches require the superfluid
component to be associated with at least 1-1.5% of the
star’s moment of inertia. This agrees with the conclu-
sions of [6]. In addition, the data seems consistent with
the idea of an angular momentum reservoir that is com-
pletely exhausted in each event. If this is not the case
then it is difficult to explain why the recurring glitches
have such similar magnitude.
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FIG. 1: The accumulated
∑

i
∆Ωi

p/Ωp (×10−9) as a function
of Modified Julian date for the X-ray pulsar J0537-6910 and
the Vela pulsar (B1833-45). The fits that lead to the slopes
(A) listed in Table I are shown as straight lines.

The role of entrainment.– Let us now ask what the
influence of a “heavy” superfluid may be. That is, let us
account for the entrainment coupling. At the level of the
averaged two-component model, the entrainment can be

However, the large effective neutron mass in the crust lowers the effective 
superfluid moment of inertia by about a factor of 5. This is problematic.  

 1.  A fraction of the core superfluid could be involved, but 
why would the glitches be “the same size”? 

2.  The (singlet) pairing gap could lead to a smaller superfluid 
region, just large enough to explain the observations.  

3.  Lack of “precision”: Need more accurate parameters. 

                          
 



A possible resolution to the problem would be to involve only the singlet 
superfluid in the crust + outer region of the core.  
The data can then be turned into a constraint on the superfluid pairing gap 
(provided one has some idea of the star’s temperature, and assuming that the 
angular momentum reservoir is exhausted in each glitch event). 
Interestingly, most available gap models fail this test.  

If we take the pairing gap as given, we can infer the mass of a glitching pulsar. 
SKA will add significantly to the data (revolve actual glitch rise?), so… 

mind the gap 



In order to develop “realistic” models for the neutron star crust, we need progress 
on a number of issues. 

Microphysics 
- develop unified models, with all required parameters (composition, shear 
modulus, pairing gaps etc) for the same interactions.  

- move beyond “equilibrium” equations of state to consider dynamical effects 
(entrainment!). 

- improve our understanding of superfluid vortex dynamics and crust pinning.  
Dynamics 

- build relativistic models that allow for the expected degrees of freedom, e.g. fluid 
flow, heat, charge current, superfluid flow, elasticity... 
- connect these models to the microphysics and understand the many transport 
coefficients involved. 
... 

 

where are we going? 


